A toy model where a massless, real, scalar field Φ in a compact space-time M4 ×S1 is coupled to a brane (parametrized as a δ-function) through the unique relevant operator δ(y)Φ 2 (x, y) is considered. The exact Kaluza-Klein spectrum of the model is computed for any value of the coupling between field and brane using the Burniston-Siewert method to solve analytically transcendental equations. The exact KK-spectrum of a model with a Brane-Localized Kinetic Term is also computed. Weakand strong-coupling limits are derived, matching or extending mathematically equivalent existing results. For a negative coupling, the would-be zero-mode ψ e 0 − is found to localize into the brane, behaving as an effective four-dimensional field. The 4-dimensional KK-decomposition of the model once a renormalizable cubic self-interaction Φ 3 (x, y) is added to the action is derived computing the overlaps between the KK-modes. It is found that the localized would-be zero-mode ψ e 0 − decouples from the massive KK-spectrum in the limit of large brane-to-bulk coupling.
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I. INTRODUCTION
The recent discovery of a scalar particle with a mass m exp H = 125.7 ± 0.4 GeV [1] in 2012 by the ATLAS and CMS Collaborations (see Refs. [2] [3] [4] [5] and [6] [7] [8] for recent results), together with the (current) absolute lack of any evidence of physics beyond the Standard Model, dramatically points out our poor theoretical understanding of the physics governing electroweak symmetry breaking. Is the Standard Model of Fundamental Interactions a renormalizable theory? What determines the scale of the symmetry breaking and the Higgs mass if no new physics permit to relate it with some, more fundamental, process? With stubborn determination, we prefer to keep on believing that the Standard Model is not the end of the story. This hypothesis is justifiable for several theoretical and experimental reasons. First of all, the Standard Model cannot explain the observed dark matter component of the Universe energy density, Ω DM ∼ 27%; it has no clue for the so-called dark energy that should determine the observed accelerated expansion of the Universe, Ω DE ∼ 0.68%; the amount of CP violation in the Standard Model is not enough to explain Baryogenesis; and, eventually, the observation of non-vanishing neutrino masses cries for an extension of the Standard Model that could account for them. In addition to these experimental hints of physics beyond the Standard Model, theorists have a strong prejudice in favour of Wilsonian effective theories: a given model can only explain phenomena up to a certain scale through a finite set of relevant operators, above which scale the model should be replaced by a new one that would incorporate new degrees of freedom and will explain new classes of phenomena 1 . If the Standard Model were a low-energy effective theory, however, a theoretical inconsistency would be implied by m exp H = O(Λ EW ), with Λ EW ∼ 246 GeV the electro-weak symmetry breaking scale. As the scalar mass radiative corrections are quadratic in the cut-off (differently from fermion masses), in an effective theory one would naively expect that a scalar particle mass would be sensitive (quadratically) to the scale at which the theory does not make sense any longer. If that scale is the Planck scale, M P ∼ 10
19 , then naturalness [9] implies that m H is called the hierarchy problem, and is the most important theoretical motivation for the existence of new physics (much) below M P . This line of thought started (a little before and a little after 1980) both the rise of Technicolor [10] [11] [12] in its various manifestations and of the Minimal Super-Symmetric Standard Model [13] .
In the '90s, yet another proposal was advanced to solve the hierarchy problem [14] [15] [16] [17] . If we want to explain the large hierarchy between Λ EW and M P without introducing new physics in between, why don't we lower M P , instead?
This could be done assuming the existence of new spatial dimensions in excess of the observed three ones to which we are used to at human-being length scales. In order for these new dimensions to pass unnoticed to the eye of an observer, they must be compactified in such tiny volumes that direct observation through the measurement of deviations from the inverse-square Newton's law for gravitational interactions is beyond the reach of current experiments [18] . Present limits on new spatial dimensions gives R ≤ 44 µm at 95% CL for the largest extra-dimension compactified in a circle of radius R [19] . Imagine now that gravity may propagate into this tiny compact volume (called bulk) at very small distances, r R. For these scales, gravity is D-dimensional and its fundamental scale is M D . On the other hand, at distances r R the gravitational potential behaves as effectively 4-dimensional. Matching the long distance limit of the D-dimensional gravitational potential and the Newtonian 4-dimensional one [20, 21] , we get the relation
being n the number of extra spatial dimensions and V n the volume of the compact dimensions, i.e. for a n-torus V n = (2πR)
n . This relation was first obtained in Refs. [15, 16, 22] and it states that, if V n is large enough, the fundamental mass scale M D can actually be much lower than M P and, possibly, as low as the electro-weak symmetry breaking scale Λ EW , thus solving the hierarchy problem. For n = 1, the radius R must be of astronomical size to have M D ∼ 1 TeV. However, for n ≥ 2 to lower M D down to some TeV's a sub-mm radius R suffices, something that is not excluded by direct observation of deviations from the Newtonian 4-dimensional gravitational law, as stated above. Being a large compact volume the origin of a large 4-dimensional Planck mass, this solution to the hierarchy problem is called Large Extra-Dimensions (LED).
The idea of compact dimensions is not at all new. It was proposed by T. Kaluza in 1919 with the intent of unifying electromagnetism and gravity at the classical level [23] . It was later extended to include quantum mechanical concepts by O. Klein in 1926 [24] (albeit a complete derivation of the equations of motions for G M N , with M, N = 0, . . . , 3 + n was completed only in the '40 [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] ). It was thus shown that, at the classical level, it is possible to understand electromagnetism as a phenomenon related to the existence of compact extra-dimensions by identifying the photon field A µ with G µ5 2 . With the discovery of nuclear forces, the idea of unifying 4-dimensional gravity with elementary particles interactions was pursued (see, for example, the classical papers [37, 38] ). It suffices here to say that unification of gravity with all of the SM gauge interactions into a unique multi-dimensional metric is not a simple task and that it has not been possible up to now to find a simple, elegant, solution to this problem as it was possible with the unification of gravity and classical electromagnetism, as seen above. When the extra-dimensional idea is applied to solve the hierarchy problem, then, SM gauge fields are added as new, multi-dimensional, degrees of freedom (A M , W i M and A a M representing the photon, the intermediate vector bosons and the gluons, respectively). This approach introduces a new problem, though. A straightforward consequence of compactification is that the momentum q of a field in the compact dimension gets quantized. As an example, consider a field Φ(x µ , y), being x µ the standard four dimensions and y an extra dimension compactified on a circle of radius R, such that Φ(x µ , y + 2πR) = Φ(x µ , y). The field Φ(x µ , y) can be decomposed into an infinite tower of 4-dimensional fields φ n (x µ ):
with m the mass of the 5-dimensional field Φ(x µ , y), p the 3-dimensional spatial momentum and c n normalization coefficients. Notice that the dispersion relation in eq. (2) states that the 4-dimensional fields φ n (x µ ) have 4-dimensional masses m n = m 2 + (n/R) 2 . This infinite tower of massive fields is called Kaluza-Klein tower. If the photon field A M (x µ , y) is compactified on a circle, then, infinite photons with masses m n = n/R should be observed experimentally. For R 1 µm this corresponds to a mass m n (0.2 × n) eV, in contrast with present bounds on m γ . A solution to this problem was given in Refs. [15] [16] [17] by introducing the concept of branes in the realm of particle phenomenology. The concept was not new by the time, but was only applied in the context of string theory [39] , being actually the driving force beyond what is called the second string revolution. A p-brane is a p-dimensional object embedded in a space-time with n ≥ p spatial dimensions. A Dp-brane is a topological defect with p spatial dimensions defined as the locus in space-time where the ending points of an open string are bounded by Dirichlet boundary conditions. In the context of string theory, low-energy excitations of the endings of an open string represent gauge fields. If those endings are fixed to some p-dimensional object, thus, gauge fields get localised on it and cannot span the spatial dimensions transverse to the brane. After compactification of those dimensions, thus, no Kaluza-Klein towers will arise in correspondance to the gauge degrees of freedom. The model of Refs. [15, 16, 22 ] is built, then, around these two concepts: gravity permeates a (4 + n)-dimensional space-time, of which n spatial dimensions are compactified in a relatively large volume V n (to solve the hierarchy problem), whereas the SM fields are localised on a non-compact D3-brane with 4-dimensional Minkowski metric (see, however, Refs. [40] [41] [42] for models in which SM fields have KKexcitations, too, yet still solving the hierarchy problem). The model contains, thus, the Standard Model particle content plus an infinite tower of Kaluza-Klein gravitons with masses | n|/R. The implementation of the brane concept at the level of field theory is not unique and several different approaches have been pursued. An action principle was introduced in Ref. [43] based on the following idea: the action contains two terms, a term corresponding to fields that can see the whole (4 + n)-dimensional space-time M 4+n , and a second term containing fields explicitly stuck on the 4-dimensional brane M 4 (the Standard Model fields). Assuming a flat geometry, for simplicity:
being Φ bulk a generic bulk field, to be decomposed into a tower of 4-dimensional fields according to eq. (2), φ brane a generic brane field and f the brane tension (the constant term proportional to f 4 represents the brane contribution to the cosmological constant). The most important consequence of this approach is that the brane, located here at y = 0, breaks explicitly translational invariance in the extra-dimensions and, thus, extra-dimensional momenta are not conserved 3 . Once gravity is turned on, thus, KK-gravitons may be emitted in the bulk by SM particles up to the highest kinematically allowed KK-number with a universal coupling, giving interesting experimental signals (see Ref. [44] ). Partial conservation of momentum in the extra-dimensions can be obtained replacing the δ (n) ( y) function fixing the brane position in the bulk by a form factor B( y) defining a certain shape of the brane in the extra-dimensions related to its tension f [45] . Brane fields stuck onto this fat brane are no longer insensitive to extra-dimensions and have their own Kaluza-Klein towers related to the brane size L (L ∼ 1/f ) and not to the compactification radius R (see Refs. [46, 47] for experimental signatures characteristic to this model). Notice that, in the absence of gravity, this approach is commonly known as Universal Extra Dimensions (UED) [48] in the literature. Its motivation is that momentum in the extra-dimensions is conserved and, thus, the lightest of the KK-excitations of the SM particles is guaranteed to be stable, being a possible dark matter candidate (see Ref. [49] and references therein for the present status of UED models).
In this paper I will follow a slightly different approach. I restrict myself to the simple case of a scalar field Φ(x, y) living in a 5-dimensional space-time with metric M 4 × S 1 . Notice that, as only one extra spatial dimension is considered, this model cannot solve the hierarchy problem (at least two extra-dimensions are needed to that purpose). The brane is then introduced as a topological defect in the extra-dimensions: it is not the mathematical locus where SM fields are bounded to stay, but an external object living in the same space-time where bulk fields live, with its own physical properties (its own tension, certainly, but also a momentum or an angular momentum, possibly). Considering the brane a (solitonic) object in the extra-dimension is not new: see Ref. [50] and refs. therein for some example. Notice that it is not the purpose of this paper to explain the origin of the defect, whose origin may be possibly ascribed to the underlying quantum structure of the gravitational vacuum (see, e.g., Ref. [51] ). If only one extra-dimension is considered (the case discussed in this paper), the defect can be represented by a δ-function 4 . This picture is rather intuitive from the visual point of view: the brane is an infinitely thin object localized in the extra-dimension, i.e. a spike when seen by an external observer. Once a defect is localized in the extra-dimension, bulk fields can couple to it, bumping on or passing through it depending on their momentum in the extra-dimension. The coupling of the field Φ with the defect may be described in an effective field theory approach by a tower of operators built with powers of Φ, of its derivatives and of the δ-function, classified by their classical dimensions. It can be shown that only one such operator is relevant in five dimensions (i.e. its coupling has positive dimension in energy), δ(y) Φ 2 (x, y). I will, therefore, consider the case in which Φ is coupled minimally to the brane, i.e. through the operator given above. The effect of the spike can be mathematically computed by deriving the eigen-modes of the bulk fields coupled to the spike, i.e. its Kaluza-Klein modes 5 . I will show that even such a minimal coupling of bulk fields to the brane modifies significantly the spectrum of the theory and may induce localization of the would-be zero-mode. This scenario could be of some interest to explain localization of SM particles onto (or, better said, into) a brane. In order to solve analytically the equation of motion of the model to derive its exact Kaluza-Klein spectrum, I will make use of a mathematical method based on complex calculus proposed some 40 years ago by Burniston and Siewert [58] . This method permits to solve a huge class of transcendental equations and, thus, it is particularly powerful to compute the KK-spectrum of field theories in compact space-times. For this reason, I will review in detail the method in the Appendix of this paper. Notice that, although the initial motivation to introduce a coupling between bulk fields and the brane is different, the resulting model can be considered a special case of a non-minimal UED model [59, 60] . In the literature on non-minimal UED, a special role is devoted to so-called Brane-Localized Kinetic Terms (BLKT's), whose effect is to introduce corrections to the kinetic terms of bulk fields at the position of the brane through (irrelevant) operators of the form δ(y) × Φ Φ + . . . [61] [62] [63] . Deriving the exact spectrum of a model in which BLKT's are present is easily done using the results of the Appendix. After obtaining the exact KK-spectrum of the model, a self-interaction term Φ 3 (x, y) in the bulk can be added to the action and the corresponding self-interactions of 4-dimensional KK-modes can be easily derived by computing their overlap in the extra-dimension. It is of particular interest to compute the effective 4-dimensional interactions between the would-be zero-modes (both for positive and negative brane-to-bulk coupling, the latter being a localized field in the brane) and the massive KK-modes.
The paper is organized as follows: in Sect. II the action for a real massless scalar field Φ in a space-time M 4 × S 1 is given together with a classification of the effective operators that may couple Φ with a brane parametrized as a δ-function; in Sects. III A and III B the KK-spectrum is computed; the main properties of the spectrum are outlined in Sect. III C, whereas a comparison with the results obtained in the presence of BLKT's is given in Sect. III D; the weak coupling limit of the Kaluza-Klein spectrum is derived in Sect. IV and compared with existing results (albeit on a different subject, see Ref. [64] ); the strong coupling limit of the Kaluza-Klein spectrum is derived in Sect. V; the 4-dimensional action obtained after performing a KK-decomposition of the 5-dimensional field Φ when a renormalizable cubic self-interaction is added to the model is computed in Sect. VI; I eventually conclude In Sect. VII.
II. MASSLESS SCALAR FIELD COUPLED TO A BRANE
In Sect. II A I first review the simple case of a (real) massless scalar field in a 5-dimensional space-time with one spatial dimension compactified on a circle of radius R, with geometry M = M 4 × S 1 (i.e. the metric factorizes into a 4-dimensional Minkowski metric times a circle). In Sect. II B I introduce the model considered in this paper, i.e. the case in which the scalar field is coupled to a brane represented by a δ-function in the extra-dimension.
A. Massless scalar field in M4 × S1
Consider a free massless scalar field Φ(x, y) in a (4 + 1)-dimensional space-time, with (3 + 1) infinitely extended dimensions (corresponding to our 4-dimensional space-time) with coordinates x µ , and one finite dimension labelled by the coordinate y, compactified on a circle of radius R, such that the action is invariant under y → y + 2πR. The action is just its kinetic term:
Notice that in 5 dimensions, the classical dimension of a bosonic field is 3/2 (a fermion being a dimension 2 field). The corresponding equation of motion is:
A solution to eq. (5) can be factorized into a 4-and an extra-dimensional component, Φ(x µ , y) = φ(x µ )ψ(y), giving
where branes in the form of δ-functions were located at fixed points in an orbifold and gravity was minimally coupled to them through the brane action cosmological constant term
a system of differential equations:
The solution of the equation for the field φ(x µ ) is just a plane wave, φ ∼ e ±ip·x , with p µ the 4-momentum and p µ p µ = λ 2 . A solution to the equation for ψ(y) is given by:
with k 2 = λ 2 the 5th-component of the 5-momentum. The 5-dimensional dispersion relation is trivially satisfied:
with ω the energy of Φ-eigenstate with spatial momentum ( p, k). Since ψ(y) must be a periodic function in y with period 2πR, k is quantized in units of R −1 , k = n/R, with n integer. The energy levels of the Φ field eigenstates are, therefore,
with p the 3-dimensional spatial component of the momentum. If we consider k as a mass term, we see that the field Φ can be decomposed into an infinite tower of massive 4-dimensional scalar fields of mass m n = (n/R). These modes are known as Kaluza-Klein modes [23, 24] . Any field configuration in this space-time can be decomposed over a set of even and odd eigenfunctions. After normalization: 
Notice that the even and odd eigenfunctions form two independent and mutually orthogonal basis for even and odd functions in M 4 × S 1 . This property will be retained when introducing the brane, as I will show in Sect. III.
B. Massless scalar field in M4 × S1 coupled to a brane In Tab. I I review the classical dimensions of the lowest-lying local operators made out of the field Φ, its derivatives and the defect that can be added to eq. (4) for the case of n = 1, 2 extra-dimensions. The first column gives just the dimension of a scalar field Φ in D = 5 or D = 6 dimensions. Any operator with only one power of the field added to eq. (4) will just redefine the source of the field in the path integral formulation of the corresponding quantum field theory and I will not consider it here. The next operator to be considered is Φ 2 . A mass term for the field Φ can certainly be added to eq. (4) without any significant change with respect to the results of the previous section. This is not the case for the operator δ (n)( y) Φ 2 . This operator has classical dimension 4 (6) in n = 1 (n = 2) extra-dimensions. If added to the lagrangian, its coefficient q would have dimension 1 (0) in n = 1 (n = 2) extra-dimensions. Adding this operator to eq. (4) is what I call minimal coupling between the bulk field Φ and the brane, as it represents the only relevant (marginal) interaction that can be added in 5 (6) dimensions. Consider, after, the operators in the third column of Tab. I: the term Φ 3 is a self-interaction of the field and it can be safely added to eq. (4). It is renormalizable both in n = 1 and n = 2 extra-dimensions, and it will introduce a non-trivial dynamics in the field theory. In order to compute the KK-spectrum of the theory, however, it must be turned off to study the asymptotic free theory described by eq. (4). The brane-localized term δ (n) ( y) Φ 3 , on the other hand, has dimension 11/2 (8) in n = 1 (n = 2) extradimensions. From an effective field theory point of view, thus, this operator is irrelevant. Its brane-to-bulk coupling q has dimension −1/2 (−2) in n = 1 (n = 2) extra-dimensions. The operators of the fourth and fifth columns of Tab. I are all irrelevant operators (with the notable exception of the kinetic term ∂Φ∂Φ, of course, that is a marginal operator). They will thus introduce suppressed non-renormalizable corrections to the physical phenomena that occur at a scale below the fundamental scale of the new physics. This is, in particular, the case of BLKT (fifth column of
11/2 7 6 n = 2 4 6 8 10 8
TABLE I: Classical dimensions for operators made out of powers of the (4 + n)-dimensional scalar field Φ(xµ, y), its derivatives and the defect localized in the extra-dimension (represented by a δ (n) ( y)-function) for n = 1 and n = 2. Notice that
Tab. I), whose brane-to-bulk coupling has dimension −1 (−2) in n = 1 (n = 2) extra-dimensions. From an effective field theory point of view, therefore, the inclusion of BLKT and of no terms like those in the second, third or fourth columns of Tab. I is not justified 6 . On the other hand, after this short dimensional analysis, I do feel justified to consider the following action:
to study the impact of a minimal coupling between bulk fields and a solitonic brane [50] onto the Kaluza-Klein spectrum of the theory. Such a coupling of fields to a defect is indeed borrowed by the literature regarding the computation of Casimir energy in D-dimensions considering "realistic" conductive plates as opposed to the case where the plates are ideal ones (represented mathematically by Dirichlet boundary conditions at the points where the plates are located). A potential of this kind was first introduced in Ref. [66] (see also Refs. [67, 68] ). Within this approach, the "real" conductive plates are represented by a background field σ(x) to which the dynamical fields under study are coupled (see, e.g., Refs. [66] and [69, 70] ). This procedure is needed to control the divergences that usually arise in Casimir energy computation, as soon as the simplest cases are abandoned. Computing the Casimir energy in presence of such a background field gives a result that is finite after subtraction of a global vacuum energy divergence that renormalizes the cosmological constant of the theory in the absence of boundaries. In the limit σ(x) → δ(x) (called the sharp limit in Ref. [69] ), while simultaneously taking the coupling of the field with the background to infinity (strong limit), Dirichlet boundary conditions are recovered. The same approach has been subsequently applied by the MIT group in a sequence of papers, Refs. [69, [71] [72] [73] . More recent results can be found, for example, in Refs. [70, [74] [75] [76] [77] [78] [79] . As stressed above, the brane-to-bulk coupling q in eq. (11) has dimension 1. The only physical scale in the model being the brane tension f , it is convenient to normalize the brane-to-bulk coupling as q = c f , with c a dimensionless coefficient whose value is to be fixed. Notice that c can assume any real value: for positive values, we can speak of a wall located in the 5th-dimension; for negative values, we have a well (or, more precisely, a crevasse). Higher-order operators in Φ or its derivatives are suppressed by powers of f and irrelevant in the limit of large f .
The idea of introducing branes as peculiar energy profiles in the bulk is not new to the realm of phenomenology, neither: in their seminal paper [56] , L. Randall and R. Sundrum claim that they "take into account the effect of the branes on the bulk gravitational metric" and that they "work out the consequences of the localized energy density peculiar to the brane set-up". As they have stated quite clearly, their results require "nothing beyond the existence of 3-branes in 5 dimensions". Another similar approach was pursued in Refs. [80] [81] [82] [83] by introducing boundary conditions (called point interactions) at particular points of a segment with Dirichlet boundary conditions on the edges (this model remember, in a sense, the UED model but with the possibility to explain the fermion mass hierarchies and flavour structure using properly tuned boundaries).
The equation of motion for the 5-dimensional field Φ is:
Since the δ-function only affects the y-dependence of Φ(x µ , y), we can still decompose a solution to eq. (12) into a 4-and an extra-dimensional component, getting:
As before, the φ(x µ ) field is just represented by plane waves, φ ∼ e ±ip·x , with p µ the 4-momentum and p µ p µ = λ 2 , with ψ(y) the solution of the second equation in the system (13).
III. EIGENMODES AND ENERGY LEVELS
A stationary solution for ψ(y) can be put in the form:
where k 2 = λ 2 is the 5th-component of the 5-momentum and L = 2πR. The matching conditions at the position of the δ-function are:
from which:
The periodic boundary conditions imply that 7 :
For a solution to exist, k must be such that M × A = 0, where
The condition for a non-trivial solution is:
The transcendental equation associated to the problem at hand is, then:
Introducing the adimensional variable ξ = Lk/2, we can cast this equation as follows:
with α = πqR/2 (remember that L = 2πR). This is a very important point: it can be shown that all the physical consequences derived in the rest of the paper do not depend on the brane tension f nor on the adimensional coefficient c introduced above, but only on the adimensional quantity α that is proportional to the product of the brane tension with the compactification radius, α ∝ f R. This is the parameter that deserves the name of brane-to-bulk coupling, thus. In what follows, weak and strong coupling expansion of the results are performed in terms of α and correspond to the α 1 and α 1 limits, respectively.
A. Odd modes
Eq. (21) admits one trivial set of roots corresponding to ξ = πn (i.e. k n = n/R) for n ≥ 1. The associated eigenmodes are easily found. For ξ = πn, the system to be solved reduces to:
From the last two conditions follows that A 1 = A 2 ; B 1 = B 2 . Plugging this into the first condition gives (for q = 0) A 1 + B 1 = 0: the eigenmodes vanish at y = 0 and are odd under y → −y. After normalization:
i.e. the same odd modes that are found when compactifying on a ring. This is an obvious result: since odd modes must necessarily vanish at y = 0, the discontinuity between derivatives of the eigenfunction to the left and to the right of the δ-potential vanishes and the eigenmodes do not "see" the brane at all.
B. Even modes
For ξ = πn the transcendental equation to be solved is:
whose roots have been found long ago by Burniston and Siewert [58, 85] :
where
and
The arguments of Λ + 0 (t, α) and Ω + n (t, α) are always understood to represent the principal value of the argument, i.e.
and the coefficient d n is d 2 n = n 2 − 1/4. Some details on the Burniston-Siewert method to solve analytically transcendental equations (useful for further application in compact space-times 8 ) are given in the Appendix. Introducing the following integrals:
(where ± refers to the sign of α) the Kaluza-Klein masses are given by the following expressions:
In(α) .
As expected, the mass of the Kaluza-Klein modes, k n , is proportional to 1/R also in presence of a brane. However, the spectrum is quite different from the case in which the brane is absent, as it will be shown below.
The eigenfunctions associated to the Burniston and Siewert roots are even under y → −y. For any n (but for n = 0, α negative):
Imposing the normalisation condition,
the even eigenmodes are given by:
after rotating away an unphysical global phase e iπRkn . Eq. (33) does not apply to the case of the would-be zero-mode for negative α, ψ e 0 − (y). In this case, eq. (30) points out that k − 0 (α) is purely imaginary for any (non-vanishing) value of |α|. As a consequence, the even would-be zero-mode gets stuck within the brane 9 , that behaves like a crevasse, indeed. The wave function for ψ e 0 − is given by:
with normalisation coefficient:
C. Properties of eigenmodes and eigenvalues
Even and odd eigenmodes, given in eqs. (33) and (23) respectively, form two independent orthonormal bases 10 , mutually orthogonal, for even and odd functions in the extra-dimensional coordinate y:
The dependence of ψ e 1 on the brane-to-bulk coupling |α| for three representative values, α = +0.1 (solid red); α = +5 (dashed green) and α = +100 (dotted blue), as a function of the coordinate a = y/πR. Right: the dependence of ψ e n on n, for n = 0 (solid red), n = 1 (dashed green) and n = 2 (dotted blue) for α = +5, as a function of the coordinate a = y/πR.
The dependence of the even eigenmodes on α and n, as a function of the (normalized) extra-dimensional coordinate a = y/(πR), is depicted in Fig. 1 (left and right panels, respectively).
For any non-vanishing n, the limit of the normalization coefficients is h n → 1 both for |α| → 0 and |α| → ∞. The functional form of eq. (33) is also valid for the would-be zero-mode ψ e 0 + (y) for positive α, albeit with h 0 + → 1/ √ 2 for |α| → 0 (as it should, see eq. (10)). The dependence of h n and h 0 + from |α| is shown in Fig. 2 (left) .
In Fig. 2 (right) the profile of ψ e 0 − as a function of a = y/(πR) for several values of |α| is shown. Notice that, for increasing |α|, the extension of the zero-mode into the bulk decreases exponentially fast. For relatively large values of |α|, the mode is effectively confined into the brane. Localisation of a field in a region of the space-time when the field is coupled to some defect is not new: fermions coupled to a kink, for example, are known to get localised in the vicinity of the discontinuity. This mechanism was used in Ref. [86] to build a model in which Yukawa couplings are computed as the overlap of fermion wavefunctions with a background scalar kink whose profile is smooth in the extra-dimension. Similar mechanisms to localise fermions were proposed in Refs. [87, 88] . Gauge fields, also, have been found to localise in models with non-trivial background scalar field: see, for example, Refs. [89] [90] [91] . Needless to say, a model in which all of the SM fields (scalars, fermions and gauge bosons) localise into a brane, whereas gravity does not, is precisely the target model needed to solve the hierarchy problem, as discussed in the Introduction.
The Kaluza-Klein spectrum is eventually shown in Fig. 3 as a function of |α| for positive α (left panel) and negative α (right panel). In both cases, in the limit α → 0 the standard spectrum for the Kaluza-Klein modes of a scalar field in the absence of the brane, k n = n/R, is recovered. However, for any value of α = 0 the spectrum is modified. It is easy to see that, for positive α (left panel), all modes are shifted at higher energies by the presence of the brane and, in particular, the lightest mode ψ e 0 + (with vanishing mass in the limit α = 0) gets a mass k + 0 (α). On the other hand, for negative α (right panel), all modes with n ≥ 1 are shifted to lower energies, whereas the would-be zero-mode ψ e 0 − (represented by a red dot) gets secluded onto the brane for any non-vanishing α. The Kaluza-Klein spectrum for a scalar field in M4 × S1 (with compactification radius R) in presence of a brane located at y = 0 as a function of the brane-to-bulk coupling |α|. Left: the case for a potential wall, α > 0. Right: the case for a potential crevasse, α < 0. Solid (blue) lines represent the eigenvalues associated to odd modes; dashed (red) lines stand for the α-dependent eigenvalues associated to even modes; thin black lines stand for the asymptotic eigenvalues Rkn = (n ± 1/2) for even modes in the limit α → ±∞. In the case of negative α, the lowest-lying eigenvalue becomes imaginary (i.e., the corresponding mode is localised in the extra-dimension, but for α = 0, represented by a red dot in the right panel).
D. Comparison with Brane-Localized Kinetic Terms
Consider the action [61]
where the second term is a correction to the kinetic term of the bulk field Φ(x µ , y) localized at the position of the brane at y = 0 (a brane-localized kinetic term). Its origin may be ascribed to loops of fields localized into the brane. The parameter r c is the length scale beyond which 4-dimensional gravity is modified (as the localized fields also induce a local curvature tensor R that may modify gravity in the bulk [61] ). It is not this the place to comment on the motivation of adding this (irrelevant, as stressed above) operator to eq. (4). What is interesting, however, is that the Burniston-Siewert method outlined in the Appendix allows us to immediately derive an exact expression for the Kaluza-Klein spectrum of the model. The equation of motion for the 5-dimensional field Φ is:
and it can be decomposed as follows:
As before, the φ(x µ ) field is just represented by plane waves, φ ∼ e ±ip·x , with p µ the 4-momentum and p µ p µ = λ 2 , with ψ(y) the solution of the second equation in the system (40) .
Also in this case, a stationary solution for ψ(y) to the left and to the right of the δ-function can be expressed as in eq. (14), with k 2 = λ 2 the 5th-component of the 5-momentum and L = 2πR. After imposing periodic boundary conditions at y = −L/2 and y = L/2 and matching conditions at y = 0, a non-trivial solution in k is found solving M BLKT × A = 0, where A = (A 1 , B 1 , A 2 , B 2 ) and 
In order to have a non-trivial solution,
The relevant transcendental equation to be solved is, then:
. Also in this case, the spectrum can be split into two sectors:
The first set of solutions are nothing more than the sine-functions corresponding to modes that are odd with respect to the position of the brane. As usual, as they do not see the brane at y = 0 (having a node there), they are not affected at all by the presence of the brane. Notice that this set of modes, usually neglected in the literature on BLKT, cannot interact with brane fields at tree level. They can, and in general will, interact with brane modes beyond the tree level if bulk fields are self-interacting (as it is, for example, the case for gravitons). The second set of solutions, corresponding to modes even with respect to the position of the brane, was studied numerically in Ref. [61] . However, we can immediately recognize that the second equation in (45) is one of the transcendental equation solved by Burniston and Siewert in Ref. [58] . In the Appendix I explain how to derive an exact solution for this equation. I summarize here the results: first of all, notice that k = 0 is a trivial solution of eq. (44) for any value of α and that, therefore, a constant zero-mode is always present in the spectrum. On the other hand, for α = −r c /L < 0 (a straightforward consequence of assuming that both L and r c are length scales and, thus, positive), only solutions with n = 0 exist:
where:
The function λ(t, α) is, in this case:
Notice, however, that the assumption that the coefficient r c in eq. (38) be strictly positive is not a consequence of a thorough computation of the local quantum corrections to the action for a bulk field due to brane fields (that is, of course, model dependent). If we allow for r c to be negative (and, therefore, α > 0), then an additional even mode is found:
For α > 1, this mode propagates into the bulk together with the rest of the even modes ξ n . On the other hand, for α ∈]0, 1[, the mode gets trapped into the brane. We see that localization of an even mode only occurs 12 in presence of BLKT if the brane-to-bulk coupling α is positive (i.e. r c < 0) and
Eventually, for the special case α = 1, this mode overlaps the standard constant zero-mode.
Normalization of the even modes is easily carried on along the lines of Sect. III B, finding the same results:
after rotating away an unphysical global phase e iπRkn . In order to compare eq. (52) with the results of Ref. [61] , it suffices to use the transcendental equation tan ξ = αξ to get:
Notice that in the case of BLKT, whereas odd modes form an orthonormal basis for odd functions of y and are trivially shown to be orthogonal to even modes, the even modes are not orthornomal between themselves. This is an obvious consequence of the fact that the differential operator in eq. (39) is not a Sturm-Liouville differential operator. However, it can be easily shown making use of the transcendental equation satisfied by the eigenvalues ξ n that first derivatives of the even eigenfunctions are indeed orthogonal between themselves.
IV. WEAK COUPLING LIMIT: α 1
The weak coupling expansion represents the physical situation of a semi-transparent brane, whose presence in the extra-dimension is feeble and modifies the Kaluza-Klein spectrum only slightly 13 . Consider first the modes with n ≥ 1, k n (α) = (d n /R) exp [I n (α)]. Expanding formally in Taylor series k n (α) for α 1:
It is possible to verify numerically that
a result obvious from both panels of Fig. 3 , but not at all obvious analytically. Using the explicit expression for the integral I n (α),
the leading term in the expansion can be computed by taking the derivative under the integral:
To get a closed-form expression, I first change variables:
such that
Then, with a second change of variables:
I get:
13 Notice that this situation is the one that is less interesting from the phenomenological point of view. Since α = (cπ/2) f R, to have α 1 it must be f R 2/(πc). For c = O(1), this translates into f 1/R. Since the typical size of the brane fluctuations in the bulk is O(f −1 ) [45] , in the weak coupling limit one expects that modes confined to the brane may wrap many times around the compact dimension and effectively see it by just sitting where they are (it is the soft brane itself that bring them to take a walk into the bulk). Kaluza-Klein modes of the SM particles with masses m = O(f ) R −1 arise in this picture, in contradiction with experiments.
Expanding this expression in Laurent series for large n:
it comes out that, upon integration, only the first term of the series gives a non-vanishing contribution. Therefore,
an expression valid for all n ≥ 1 (the validity of this expression also for n = 1 is not surprising, as the effective expansion parameter is 1/(πn) and not 1/n itself). Using the same strategy, the subleading terms in the Taylor expansion of k n (α) in powers of α can be computed. Eventually, the result is:
where this expression is valid for both positive and negative α under the trivial change α → −α.
A similar approach can be used to compute an approximate expression for the would-be zero-mode eigenvalue k + 0 for 0 < α 1. In this case,
and the explicit expression for the I + 0 integral is:
Therefore,
Eventually, we get 14 :
It can be shown that the even eigenmodes ψ e n (y) reduce trivially to standard even standing waves in the limit α → 0, as it should be in the absence of the brane.
V. STRONG COUPLING LIMIT: α 1
This second case represents what could be called a stiff brane, whose presence modifies strongly the spectrum. It is this case that, actually, is more appealing from the phenomenological point of view: in order for α to be much greater than 1, the brane tension f must be much larger than the inverse compactification radius, f R −1 , for c = O(1). Brane fluctuations into the bulk are, therefore, completely negligible as f Consider first the k n modes with n ≥ 1 for positive α. Changing the integration variable in eq. (57) to x = αt/π and integrating by parts:
Expanding in Laurent series for α → ∞:
Up to second order in 1/α we get:
Terms up to second order in 1/α are universal for all KK-modes with n ≥ 1, whereas an n-dependence arises at O(1/α 3 ). The explicit analytic expression for O(1/α 3 ) terms is not particularly inspiring and it will not be presented here.
The computation for negative α can be carried on along similarly, to get eventually the final result for the strong coupling expansion of k n eigenvalues:
The energy of the would-be zero-mode k + 0 in the strong coupling limit can be computed in a similar way:
Changing the integration variable to x = 2αt/π and integrating by parts:
Expanding in powers of 1/α:
where (up to second order in 1/α):
Notice that, differently from the case of J n2 , the contribution of J 02 (α) starts at O(1/α). Eventually,
The positive would-be zero-mode energy has, therefore, the following form in the strong coupling limit:
Notice that the strong coupling limit of k 0 + and k n (with n ≥ 1) is identical at first order in 1/α. The difference in the O(1/α 2 ) term between the n = 0 and the n ≥ 1 eigenvalues is relevant to compute the contribution of ψ e 0 + to the Casimir energy, as I will show in a forthcoming publication.
For negative α, the strong coupling expansion of the would-be zero-mode energy can be carried out in a similar way:
Changing variables, t → (2|α|/π) x, we get:
Expanding in powers of 1/|α|:
where (up to second order in 1/|α|): Eventually,
The negative would-be zero-mode energy has, therefore, the following form:
i.e. it grows linearly with |α|.
For |α| → ∞ and n > 0, the eigenmodes become:
after rotating away an unphysical phase factor (−1) n .
VI. ADDING RELEVANT OPERATORS TO THE ACTION
I will now add two relevant operators (according to the dimensional classification given in Tab. I) to eq. (11):
The first term added to the action studied in the previous sections is a bulk mass term for the scalar field Φ(x µ , y). This term does not modify the previous results: after decomposing the 5-dimensional massive equation of motion
into two separate equations:
we get the same results as before with the only difference that the 4-momentum p µ satisfies the relation p µ p µ = λ 2 −m 2 and that, therefore, the resulting dispersion relation is:
where k n are the eigenvalues given in Sects. III A and III B. The cubic operator Φ 3 (x µ , y), on the other hand, is the only relevant interaction that can be added to the lagrangian without spoiling its superficial renormalizability. The coupling λ, in 5 dimensions, has dimension 1/2. In principle, it is possible to parametrize it as a function of the brane tension f , λ = c f 1/2 (as for the case of the brane-to-bulk coupling). However, as we have already introduced a bulk mass term m for the scalar field Φ, it is no longer true that f is the only physical scale present in the theory 15 . The cubic interaction of the bulk field Φ can be decomposed into interactions of the even and odd 4-dimensional Kaluza-Klein modes. There are four possible couplings between KK-modes: two trivially vanishing ones: g 
Using eqs. (23) and (33) I get:
where c lmn , d lmn are dimensionless α-dependent coefficients and λ/ √ πR represents the (dimension 1) physical 4-dimensional parameter that defines the strength of the interaction between three 4-dimensional scalar fields. Notice that these formulae apply to l, m, n ≥ 1 for any value of α and to l, m or n = 0 for α positive. In the case of l = 0, α negative, we have instead:
where m, n ≥ 1.
These couplings can be computed numerically using the expressions for the energy of the Kaluza-Klein modes, ξ ± 0 (α) and ξ n (α), given in previous sections. Of particular interest are the couplings of the would-be zero-modes (either ψ e 0 + or ψ e 0 − ) with the Kaluza-Klein modes of higher KK-number. These will be given below separately for the case of α > 0 and α < 0. The analytic expression for the eoo-coupling is rather simple:
for m, n ≥ 1.
On the other hand, the expression for the eee-coupling is not so simple: The behaviour of the diagonal eoo and eee couplings (c 0 + mm and d 0 + mm ) as a function of α, is depticted in Fig. 4 . The left panel shows the g eoo -coupling of ψ e 0 + with the lightest odd KK-modes, m = 1, 2, 3 (solid, dashed and dotted red lines, respectively). The right panel shows the g eee -coupling with the lightest even KK-modes for m = 1, 2 (solid, dashed and dotted red lines, respectively). The cubic self-interaction of ψ e 0 + , d 0 + 0 + 0 + , is also shown. In both panels we can see that, for small α, the universal coupling c 0 + mm = d 0 + mm = 1/ √ 2 is reached. Remember that in the limit of vanishing α the brane is absent and we should recover the standard KK-decomposition of a cubic self-interaction of the 5-dimensional field Φ. In particular, in the limit α → 0 only diagonal couplings of ψ e 0 + with the massive KK-modes are allowed, as momentum in the 5th-dimension is conserved. For large α, on the other hand, universality is broken and the interaction between ψ e 0 + and massive KK-modes approaches exponentially fast n-dependent asymptotical values. Analytic expressions for the large α limit, obtained using eqs. (79) and (87), valid for KK-modes such that m/α 1, are given below:
The expression for the strong coupling limit of c 0 + mm is valid for m ≥ 1 whereas, at the leading order in 1/α the expression for d 0 + mm is valid for m ≥ 0 (m-dependent corrections arise at order 1/α 2 ). For m → ∞, we get
2 ). An important consequence of the coupling between the bulk field Φ and the brane is that non-diagonal interactions are no longer vanishing, as momentum conservation in the 5th-dimension is explicitly broken by the presence of the brane. The behaviour of the non-diagonal eoo and eee couplings for positive α, as a function of α, is depticted eee coupling between two would-be zero-modes and a massive even KK-mode, m = 1, 2, 3 (solid, dashed and dotted red lines, respectively). Eventually, the right panel shows the non-diagonal g eee coupling between one would-be zeromode and two massive even KK-modes, (m, n) = (1, 2), (1, 3), (2, 3) (solid, dashed and dotted red lines, respectively). In this case, we can clearly see that all non-diagonal couplings vanish in the limit α → 0, pointing to restoration of momentum conservation in the 5th-dimension. Non-diagonal, non-vanishing, couplings are instead allowed in the limit α → ∞.
The large α expansion for non-diagonal couplings (valid for m/α, n/α 1) is:
From these equations the diagonal limit is easily recovered putting m = n. On the other hand, it is interesting to see that the non-diagonal couplings vanish in the limit of fixed m and large n. For example, d 0 + 0 + n = O(1/n 3 ) for n → ∞. This behaviour is compatible with what found in the case of BLKT in Refs. [61] [62] [63] .
B. Couplings of the negative localized would-be zero-mode ψ e 0 − with higher KK-modes Far more interesting phenomenologically is the case of the localized would-be zero-mode, ψ e 0 − . In this case I get for the g eoo coupling:
valid for m, n ≥ 1. For the g eee coupling the number of zero-modes involved must be specified. I get:
The behaviour of the diagonal eoo and eee ψ 
The cubic self-coupling of the localized would-be zero-mode, d 0 − 0 − 0 − , has a different behaviour:
as this is the only coupling that survives at tree-level in the limit of infinite α. . In all panels, it can be seen that all non-diagonal couplings vanish for α → 0, as it is expected due to momentum conservation in the 5th-dimension. For intermediate α, α ∈ [10 −1 , 10 1 ], the non-diagonal couplings can become rather large (values of the couplings as large as 0.3 can be found for all the non-diagonal couplings). Analytical expressions are not much inspiring in this regime. However, we can see that all couplings also vanish in the strong coupling limit. Their strong coupling expressions (valid for m/α, n/α 1) are given below:
From these expressions we see that all non-diagonal couplings vanish as O(1/α 5/2 ), with the exception of d 0 − 0 − m whose approach to zero is only O(1/α). A straightforward consequence is that, in the strong coupling limit, the localized would-be zero-mode ψ 
.. 
VII. CONCLUSIONS
The existence of spatial dimensions that exceed the three observed at ordinary human-size scales in all physics phenomena up to date was proposed long ago by T. Kaluza and O. Klein. The idea was so appealing that A. Einstein tried (unsuccessfully) for long to use it to build a non-quantum unified theory of general relativity and electromagnetism. As recalled in the Introduction, albeit abandoned to this purpose, the idea was retaken at the end of the '90s to explain the large hierarchy existing between the Planck scale (M P ∼ 10
19 GeV) and the electro-weak symmetry breaking scale (Λ EW ∼ 250 GeV). Several options involving extra spatial dimensions have been advanced since then. The one in which I am interested in this paper is the so-called Large Extra-Dimensions model (LED). In this model, in order to escape observation in present experiments, extra-dimensions are compactified in a volume V n with sub-mm size. To solve the hierarchy problem, however, they must be "large" enough that
give a small hierarchy between the fundamental, (4 + n)-dimensional, scale of gravity M D and Λ EW (thus motivating the name of the model).
A necessary ingredient in a model that goes Beyond the Standard Model is to include the Standard Model itself as a low-energy effective theory recovered when the energy scale testable at experiments is (much) lower than the typical scales of the model. The way to introduce Standard Model fields and particles into the LED scenario is through the concept, borrowed from string theory, of D-branes, i.e. the locus in space-time where the ending points (representing gauge fields) of an open string are bounded by Dirichlet boundary conditions. Maybe overusing this idea, not only SM gauge fields are supposed to be confined to the brane in the LED model, but all SM fields charged under the SM gauge group SU c (3) × SU L (2) × U Y (1), with the possible exception of right-handed neutrinos that are neutral under it. After compactification of the extra-dimensions no Kaluza-Klein towers arise in correspondence of branelocalized fields (thus explaining the non-observation of light, but massive, photons). In the standard approach, the brane is introduced by hand adding to the gravitational action S EH a term
, with L SM the lagrangian of the Standard Model. This procedure is conceptually strictly related to the greek tragedy Deus-ex-machina, in which an all-mighty God or Goddess is brought to the front of the stage by a hidden crane to solve an apparently unsolvable mess by a snap of fingers. In this paper, I tried to translate into a mathematical form a slightly different starting point: consider the brane a defect in the extra-dimension and let fields that do propagate into the bulk interact with it. The origin of the defect is beyond the scope of this article, but it may be ascribed to the underlying quantum structure of the gravitational vacuum, yet to be understood, as no consistent theory of quantum gravity exists. As it is, unfortunately, the defect is still an external object introduced by hand. However, we can compute its effect on the fields living in the bulk by studying how their spectrum in the compact space-time is modified by the existence of the brane. In particular, we may study if the presence of the brane in a compact space-time may induce localization of the fields (as it is found to be the case).
I restricted myself to the simplest case of a single extra-dimension where, necessarily, the defect is represented by a δ-function in a M 4 × S 1 space-time (in more than one extra-dimension more complicated structures, such as vortices, could be considered). Then, a single, real massless scalar field Φ is coupled with the brane with a single, renormalizable interaction. This way to introduce the coupling of a bulk field with a δ-potential is borrowed from the existing literature regarding Casimir energy computations in presence of non-ideal boundary conditions, but it can be shown in the language of effective field theory that there is a unique relevant operator that may couple Φ with a defect. In the realm of phenomenology, the idea was already used in the famous papers by L. Randall and R. Sundrum at the end of the '90s.
After formulating the model, I have solved analytically the 5D equation of motion for the field Φ, finding an exact expression for the Kaluza-Klein spectrum of the model as a function of the coupling q between field and brane. The exact solution has been found by applying the Burniston-Siewert method to solve transcendental equations, explained in the Appendix. Applying the same method, I have also derived the exact KK-spectrum of a model in which the coupling between bulk field and brane is achieved through an irrelevant BLKT. Notice that the coupling q is dimensionful in five dimensions and proportional to the only scale present in the model, the brane tension f . However, an adimensional coupling α (that can be used for perturbative expansion) emerges naturally when computing the spectrum of the model multiplying q by the compactification radius R. I have then derived the weak and strong coupling limits of the Kaluza-Klein masses as functions of α: in the weak coupling limit, the approximate results found in Ref. [64] are easily recovered; in the strong coupling limit, a perturbative expansion in powers of 1/α reproduces correctly the limits α → ∞ found in the same paper and in the literature regarding BLKT, extending them to large but not infinite α and showing how the limits are exponentially approached. An important result is that, when a negative coupling between the scalar field and the brane is considered, the would-be zero-mode ψ e 0 − gets trapped into the brane, that behaves like a crevasse. As a consequence, the zero-mode wave-function falls exponentially in the extra-dimension and the mode is an effective, localized, four-dimensional field (exactly as it happens to the graviton zero-mode in the second paper of Randall and Sundrum on warped extra-dimensions). I studied, eventually, the KK-decomposition of the same action once a renormalizable cubic self-interaction term Φ 3 (x, y) is included. The knowledge of the exact spectrum for any value of α permits to derive easily the 4-dimensional couplings of KK-modes by computing their overlap in the extra-dimension. Of particular interest is the derivation of the interaction between the localized would-be zero-mode ψ e 0 − and the massive KK-modes for α < 0. It can be shown that all couplings (but the cubic self-interaction of the 4-dimensional localized field) vanish in the limit α → ∞: the impact of massive KK-modes on the phenomenology of localized modes is strongly suppressed for large α (i.e. in the stiff brane limit). This is a very promising starting point to further explore the model and to see if similar phenomena occur when replacing Φ with fermion fields.
Notice that Λ 0 (z) is symmetric for z → −z and that, at infinity, Λ 0 (z → ∞) = 1 − α. Consider first the case n = 0, for which Λ(z) = Λ 0 (z), and write the scalar homogeneous Riemann-Hilbert boundary value problem X + 0 (t) = g 0 (t) X − 0 (t) for t ∈ R and 0 < t < 1 
being "ln" the standard natural logarithm. Notice that, as Λ 0 (z) is symmetric for z → −z, we can restrict the RH problem to the interval 0 < t < 1, only. The function g 0 (t), for the particular case at hand, can be written as: (t) is assumed to be the principal value of the argument 16 . A so-called canonical solution to the RH problem is given [94] by:
with λ, µ integers, and a, b the ending points of the interval on which eq. (A8) is evaluated (in our case, a = 0 and b = 1). The function Γ 0 (z) is given by:
The degree of divergence of Γ 0 (z) at the ending points is given by: 
where Γ a (z) and Γ b (z) are functions that goes to a finite value for z → a, b, respectively. The degree of X 0 (z) when approaching the endings a, b is, therefore:
for z → a ,
A necessary condition for X 0 (z) to be integrable at both ending points is that −1 < λ+ [γ a ] < 1 and −1 < µ+ [γ b ] < 1. As in the case at hand [γ a ] = γ a = 0 and [γ b ] = γ b = 1 then 17 , trivially, we have λ = 0, µ = −1. Therefore, in our case a canonical solution is:
16 For α > 0 it always exists at ∈]0, 1[ for which λ(t) = 0. At that point, arg Λ + 0 (t) → ±π/2 depending if (t −t) → 0 − or = 0 + , respectively. As we take the principal value of the argument of Λ We can construct another solution to the RH problem valid for the whole interval −1 < t < 1. This solution is given by:
For z → t and 0 < t < 1, ψ(z) → ψ ± (t). It is easy to show that ψ ± (t) is a trivial solution to eq. (A8) since X 0 (−z) has no singularities for z → t and, therefore, X + 0 (−t) = X − 0 (−t) for 0 < t < 1. On the other hand, ψ(z) is continuous over the whole interval −1 < t < 1, since Λ 0 (−z) = Λ 0 (z) and 1/X 0 (−z) is non-singular everywhere. A general solution to the scalar homogeneous RH problem is given by ψ(z) = X 0 (z)P m (z), with P m (z) a polynomial of degree m. Therefore,
and Λ 0 (z) = X 0 (z)X 0 (−z)P m (z)
We can now use our knowledge of Λ 0 (z) to fix some of the arbitrariness of P m (z). First of all, notice that Λ 0 (z) → (1 − α) for z → ∞. Since X 0 (z)X 0 (−z) is O(z −2 ) for z → ∞, the polynomial must be O(z 2 ) (i.e. m = 2) 
Since X 0 (z) does not vanish on the complex plane, the roots of Λ 0 (z) are given by the roots of the polynomial P 2 (z).
It is now trivial to compute them by putting z = 0 in eq. (A22):
whereas there is no solution for α < 0. For α ∈ [0, 1] we find two imaginary roots at z = ±z 0 (that become degenerate for α = 1), whilst there are two real roots for α > 1. Eventually,
with arg Λ + 0 (t) being the principal value of the argument of Λ + 0 (t). Remind that there is no solution to Λ 0 (z) = 0 for α < 0.
We must now solve eq. (A6) for n ≥ 1. Notice first that Λ n (−z) = Λ −n (z). To symmetrize Λ n (z), thus, we define:
and solve the scalar homogeneous RH boundary value problem X + n (t) = g n (t) X − n (t) for t ∈ R and 0 < t < 1
where g n (t) = Ω + n (t) Ω − n (t) = exp 2i arg Ω + n (t) ,
In this case, it is easy to see that arg Ω + n (t) is a smooth continuous function for t ∈]0, 1[. The canonical solution to eq. (A26) is:
Ω n (z) = Λ n (z)Λ −n (z) ,
such that both Λ 0 (z) and Ω n (z) are symmetric for z → −z. For n = 0, we must solve the scalar homogeneous RH boundary value problem:
X + 0 (t) = g 0 (t) X − 0 (t) for t ∈ R and 0 < t < 1 .
The function g 0 (t) is given by: 
The canonical solution to eq. (A40) is given by:
The computation of the exponents λ, µ is more involved than in the previous case. Also in this case γ a , γ b are real; however,
In case (1) we have: 
To find the zeroes of Λ 0 (z) we must look for the zeroes of the polynomial P 2 (z), i.e. z = ± √ −A 0 . In order to fix the coefficient A 0 of the polynomial, we take the limit for z → 0 on both sides: 
Notice that lim z→0 Λ 0 (z) = 0. However, we know that Γ 0 (z) diverges for z → 0 as z 1/2 (for α > 0). Therefore, the limit of the ratio of left and right hand side of eq. (A2) is a constant. Using eq. (A15), we define: 
